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Spatial averaging and time evolving are non-commutative operations in General Relativity, which
questions the reliability of the FLRW model. The long standing issue of the importance of back-
reactions induced by cosmic inhomogeneities is addressed for a toy model assuming a peak in the
primordial spectrum of density perturbations and a simple CDM cosmology. The backreactions of
initial Hubble-size inhomogeneities are determined in a fully relativistic framework, from a series of
simulations using the BSSN formalism of numerical relativity. In the FLRW picture, these back-
reactions can be effectively described by two so-called morphon scalar fields, one of them acting
at late time like a tiny cosmological constant. Initial density contrasts ranging from 10−2 down to
10−4, on scales crossing the Hubble radius between z ∼ 45 and z ∼ 1000 respectively, i.e. comoving
gigaparsec scales, mimic a Dark Energy (DE) component that can reach ΩDE ≈ 0.7 when extrap-
olated until today. A similar effect is not excluded for lower density contrasts but our results are
then strongly contaminated by numerical noise and thus hardly reliable. A potentially detectable
signature of this scenario is a phantom-like equation of state w < −1, at redshifts z >∼ 4 for a density
contrast of 10−2 initially, relaxing slowly to w ≈ −1 today. This new class of scenarios would send
the fine-tuning and coincidence issues of Dark energy back to the mechanism at the origin of the
primordial power spectrum enhancement, possibly in the context of inflation.
I. INTRODUCTION
Despite increasingly accurate observations, such as
the ones of the cosmic microwave background (CMB)
anisotropies, of the distribution of the large scale struc-
tures and of the type-Ia supernovae, the nature of the
Dark Energy driving the recent acceleration of the cos-
mic expansion [1] remains a major enigma of the stan-
dard cosmological model. Most of the possible expla-
nations investigated so far enter in one of the following
categories: First, a cosmological constant (CC), the sim-
plest but rather unsatisfying explanation, suffering from
the so-called fine-tuning and coincidence problems; sec-
ond, a modification of the matter sector, e.g. through
the introduction of a scalar field; third, a modification
of the gravity sector, e.g. f(R) theories [2, 3]; fourth, an
effect of large inhomogeneities, e.g. if we live close to the
center of a big void [4].
Even if the fourth category does not require any mod-
ification of General Relativity (GR) neither a theory be-
yond the standard model of particle physics, most of
the attention was given to theories of modified gravity
or involving new matter (usually scalar) fields, with a
strong interplay between them since any modification of
the energy-momentum tensor can be interpreted at the
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cosmological level as a modification of the gravity sector,
and inversely. Besides explaining the cosmic acceleration,
those models need to satisfy the very stringent local con-
straints on gravity, coming from laboratory experiments
(see among others [5–8]), solar system (see e.g. [9, 10]),
and from the growth of density fluctuations on cosmolog-
ical scales. To pass these constraints, one usually has to
invoke some screening mechanism suppressing locally the
modifications of gravity, such as the chameleon [11, 12],
Vainshtein [13, 14] and K-mouflage [15–17] mechanisms.
Belonging to the fourth category, backreactions from
matter inhomogeneities can possibly lead to an appar-
ent acceleration of the expansion, see e.g. [18–26]. Ac-
cording to the Buchert’s theorem, spatial averaging and
time evolving are not commutative operations in General
Relativity [27]. Evolving some averaged quantity, such
as the expansion rate or a density field, assuming ho-
mogeneity and isotropy as in the Friedmann–Lemaˆıtre–
Robertson–Walker (FLRW) model, is not equivalent to
evolving this quantity locally using the full Einstein equa-
tions and then averaging it in a Riemannian, covariant
way. In particular, inhomogeneities induce a backreac-
tion when interpreting observations in the FLRW pic-
ture, which can be effectively described by a minimally
coupled scalar field, the so-called morphon field [28]. It
has a non-restricted effective equation of state that can
evolve from w < −1 to w > −1 (referred respectively
as phantom-like and stiff matter fluids), and inversely,
without implying any theoretical issue since the under-
lying theory is General Relativity and the morphon field
has no physical existence. As a result, the backreactions
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2could mimic an accelerated expansion for an observer as-
suming homogeneity and isotropy, even if locally the ex-
pansion rate decelerates everywhere.
How important are the backreactions is a highly non
trivial, and not yet entirely solved question (see e.g. [29]
for a recent review and discussion), since their determina-
tion would require to solve at any point the full non-linear
GR equations, over the whole cosmic history. The magni-
tude of the effect, and whether it can explain or not the
observed cosmic acceleration, are still today controver-
sial issues, even if the most recent studies tend to agree
that the expected 10−5 primordial density fluctuations
cannot induce a detectable level of late-time backreac-
tions [30–33] when the density field becomes non-linear
on cosmological scales. Several approaches have been
considered to tackle the problem. Among others, let
us mention combined N-body simulations of dark mat-
ter with hydrodynamic simulations of the linear metric
fluctuations [30, 31]; swiss-cheese models [34–37] based
on the Lemaˆıtre–Tolman–Bondi solution of the Einstein
equations; and finally, since very recently, numerical rel-
ativity [32, 33, 38].
Ultimately, the use of numerical relativity will be un-
avoidable in order to disregard the various possible ap-
proximations and to determine accurately and unam-
biguously the importance of the cosmological backreac-
tions. In this view, the development of stable methods
of numerical relativity in the context of astrophysical
systems (black holes, neutron stars...), and particularly
the Baumgarte–Shapiro–Shibata–Nakamura (BSSN) for-
malism [39, 40], combined with the never-ending growth
of computational facilities, should allow to extend nu-
merical relativity methods to various cosmological prob-
lems [32, 33, 38, 41–46]. Recently, the first backreaction
studies based on the BSSN formalism [32, 33, 38] have
considered relatively simple initial density configurations.
Their main goal was to determine wether backreactions
can reach a detectable level with future observations, pro-
vided a level of matter fluctuations on Hubble-scales as
expected from CMB anisotropies.
In this paper, we relax the assumption that dark mat-
ter fluctuations are initially at the ∼ 10−5 level and look
at determining what is the required amplitude to get
backreactions that could eventually mimic Dark Energy.
This approach is motivated since CMB and LSS only
probe comoving modes within the range 10−4−10 Mpc−1
and do not prevent a strong enhancement of power on
larger or smaller scales. Taking this point of view, the
level of backreactions has been determined from lattice
simulations in numerical relativity, and interpreted in
terms of the density and equation of state of two ap-
parent morphon scalar fields. Compared to [28] in which
a single morphon field was introduced, we have further
considered the backreaction induced on the conservation
equation of the energy-momentum tensor, which can be
effectively described by a second morphon field and which
plays a crucial role here. Distinguishing these two mor-
phons allows to determine which effect is able to repro-
duce a CC-like effect in the FLRW picture. Finally, we
have emphasized the possible ambiguity in the definition
of the scale factor, that can either be defined by how
scales the total volume of the considered spatial domain,
either as the averaged (in a Riemannian way) of the local
scale factor, either related to the Riemannian averaging
of the local scaling of proper lengths, the latter being the
one related to observations through redshift and distance
measurements.
Our main result is that cold dark matter density con-
trasts in the range ∼ 10−4 − 10−2, crossing initially the
Hubble radius, induce backreactions acting like a tiny CC
at late-times, in the FLRW picture. When extrapolated
to low redshifts, the associated morphon field would fi-
nally dominate the energy density of the Universe and be
able to mimic Dark Energy. This happens for instance
for initial 10−2 fluctuations at redshifts z ∼ 45, i.e. for
comoving modes k ∼ 10−4 Mpc−1 corresponding today
to gigaparsec scales. However this scenario should still
be considered as a toy model, probably in some tension
or even strongly disfavored by CMB anisotropy observa-
tions. Nevertheless our results could open a whole new
class of possible Dark Energy models, those exhibiting
some peak in the primordial power spectrum of density
fluctuations and inducing important backreactions. Fi-
nally, we find that the time evolution of the backreac-
tions is different from a cosmological constant at high
redshifts. More precisely they can be interpreted as a
fluid with a phantom-like equation of state w < −1, an
effect that could be probed by future LSS experiments
like Euclid, Lyman-alpha forest, and 21-cm experiments
like the Square Kilometre Array.
Another goal of this paper is to pave the way of large
simulations of structure formation using numerical rel-
ativity. For this purpose, we have developed two inde-
pendent codes based on the 3+1 BSSN formalism, for
generic initial matter fluctuations with periodic bound-
ary conditions. The codes are gathered within the Inho-
mogeneous Cosmology And Relativistic Universe Simula-
tions (ICARUS) package, that will be soon made publicly
available. The codes i) solve the initial condition prob-
lem using a relaxation method to find the conformal fac-
tor of the metric respecting the Hamiltonian constraint
equation, ii) solve on a real-space 3D lattice, the full
and non-linear evolution equations of general relativity
in the synchronous gauge, using the BSSN method, and
for periodic boundary conditions; iii) monitor the Hamil-
tonian constraint all during the free propagation scheme
of numerical relativity, and perform some post-processing
analysis like Riemannian averaging of the relevant quan-
tities. The development of two independent codes has
allowed to cross-check our results at all the stages of this
work.
The paper is organized as follows. In Section II is set
the correspondance between backreactions and the ef-
fects of two morphon scalar fields in the FLRW picture.
In Section III, the evolution and constraint equations in
the BSSN formalism of numerical relativity are given.
3Our initial conditions are described in Section IV. Af-
ter describing the numerical implementation of the BSSN
equations and the code validation procedure in Section V,
the results of our simulations are presented in Section VI.
These are discussed in Section VII with a particular fo-
cus on whether backreactions can mimic dark energy and
lead to specific, potentially detectable signatures. We
summarize and discuss some interesting perspectives in
Section VIII.
II. BACKREACTIONS AND THE MORPHONS
Let us assume from know the simplest case of a pres-
sureless cold dark matter Universe. The spatial average
of some scalar quantity ψ (such as the density, the scale
factor,...) at time t, over some spatial compact domain
D is given by
〈ψ〉(t) =
∫
D d
3x ψ(t,x)
√
γ(t,x)∫
D d
3x
√
γ(t,x)
, (1)
with γ the determinant of the projected 3-metric on the
chosen spatial hypersurface. In general, 〈ψ〉(t) is different
than ψ¯(t) obtained assuming homogeneity and isotropy
prior to solve the dynamical Friedmann-Lemaˆıtre and
conservation equations and get the evolution of ψ¯.
One can define the scale factor aD(t) scaling the vol-
ume of the spatial domain like a3D(t). It is in gen-
eral not equivalent to the averaged local scale factor
〈a(t,x)〉 ∝ 〈[√γ(t,x)]1/3〉. The evolution of aD(t) is gov-
erned by [29](
a˙D
aD
)2
=
8piG
3
〈ρ〉D − 1
6
(QD + 〈3R〉D) , (2)
a¨D
aD
= −4piG
3
〈ρ〉D + 1
3
QD , (3)
in which the kinematical backreaction variable QD(t) has
been introduced, taking account for various effects of the
local inhomogeneities, and where 3R is the local Ricci
scalar of the 3-metric. These equations can be rewritten
in a way reminiscent of the FLRW equations by intro-
ducing an apparent scalar field ϕ, the so-called morphon
field [28], with a density ρϕ, a pressure pϕ and an equa-
tion of state wϕ. One obtains(
a˙D
aD
)2
=
8piG
3
(〈ρ〉D + ρϕ) , (4)
a¨D
aD
= −4piG
3
(〈ρ〉D + ρϕ + 3pϕ) , (5)
so that both ρϕ and pϕ can be inferred from aD(t) and
its time derivatives, and from the averaged density 〈ρ〉D.
This sets the correspondance between the backreactions
in the real Universe and the apparent scalar field in the
FLRW picture that is used when interpreting the obser-
vations.
The observations often involve redshift measurements,
and redshifts are related to photon wave-vectors along
null geodesics, kµ = dxµ/dt where t is the cosmic time,
so that in the 3+1 decomposition described in the next
section, the wavelength of photons propagating in the
x direction1 scales with
√
γ11 (γij being the projected
spatial metric). This factor also scales proper lengths lo-
cally and it is involved in the calculation of comoving,
diameter and luminosity distances. It is therefore the
scale factor directly inferred from the observations, and
is denoted here α(x, t). In an inhomogeneous Universe,
〈α〉(t) 6= aD(t). The difference between aD, 〈a〉 and 〈α〉 is
subtle but of importance for determining how the backre-
actions affect the Universe’s dynamics seen in the FLRW
picture. In order to determine them, one has to evalu-
ate ρϕ[〈α〉(t)] and pϕ[〈α〉(t)]. In this paper, we neglect
the effects of inhomogeneous light propagation [47–49]
and assume that all points in the lattice simulations are
at a fixed light-travel distance from a late-time observer.
Including this effect would require to implement a ray-
tracing method, which is left for a future work.
In addition to the above mentioned effects, the density
satisfies locally the energy-momentum tensor conserva-
tion equation, which in the synchronous gauge reads
∂tρ(t, x) = −3 a˙(t,x)
a(t,x)
ρ(t,x) . (6)
Because time-evolving does not commute with spatial av-
eraging, one has 〈∂tρ〉D 6= ∂t〈ρ〉D. Thus the previous
relation must be averaged out using
〈∂tρ〉D = 〈−3 a˙(t,x)
a(t,x)
ρ(t,x)〉 (7)
= −3
[
a˙D
aD
〈ρ〉+
(
〈 a˙(t,x)
a(t,x)
ρ(t,x)〉 − a˙D
aD
〈ρ〉
)]
(8)
= −3 a˙D
aD
〈ρ〉+Qρ , (9)
where we have introduced a new backreaction term Qρ
that was not considered in [28] as well as other works
studying the backreactions using numerical relativity [32,
33, 38]. Qρ is non-zero in general and one can interpret
this term in the FLRW picture as the presence of a second
morphon field χ with a density ρχ and a time-dependent
equation of state wχ,
〈ρ〉D(t) = 〈ρ〉ini〈α〉−3 + ρχ(〈α〉) , (10)
wχ = −1− 1
3
d ln ρχ
d〈α〉 , (11)
1 On the lattice, we denote by (x, y, z) the spatial coordinates
(x1, x2, x3).
4such that one recovers ρχ ∝ 〈α〉−3(1+w) for a constant
wχ. As it will be shown later, the backreactions of χ on
the averaged density are crucial and leads to an equa-
tion of state reaching wχ ≈ −1. Its tiny density be-
comes non-negligible with time and eventually becomes
dominant and leads to an apparent Dark Energy com-
ponent. The dynamics of χ is also influenced by non-
equivalence between 〈α〉(t) and aD(t). We will also show
that wϕ ≈ −1/3 and thus that ϕ acts like a curvature
fluid.
III. THE BSSN FORMALISM
OF NUMERICAL RELATIVITY
The BSSN formalism [39, 40] uses the 3+1 decomposi-
tion of the metric (in geometrical units where c = G = 1)
ds2 = (−α2 + γlkβlβk)dt2 + 2βidtdxi + γijdxidxj . (12)
We have worked in the synchronous gauge in which the
lapse and the shift are respectively α = 1 and βi = 0.
The 3-metric γij is then decomposed into a conformally
related metric γ¯ij of determinant γ¯ = 1,
γij = e
4φγ¯ij , (13)
where φ is the so-called conformal factor. One also de-
composes the extrinsic curvature tensor Kij into its trace
K and its conformally rescaled, traceless part A¯ij ,
Kij = e
4φA¯ij +
1
3
γijK. (14)
We focus on the simplified case where the Universe is
filled only with a pressure-less fluid (that could be the
Dark Matter plus eventually non-interacting baryons).
In the synchronous gauge, the only non-vanishing com-
ponent of the energy-momentum tensor is the energy
density ρ. The Einstein’s equations are equivalent to
a set of evolution equations for the dynamical quantities
φ,K, γ¯ij , A¯ij ,
∂tφ = −1
6
K (15)
∂tK = A¯ijA¯
ij +
1
3
K2 + 4piρ (16)
∂tγ¯ij = −2A¯ij (17)
∂tA¯ij = e
−4φRTFij +KA¯ij − 2γ¯klA¯ilA¯kj , (18)
where RTFij ≡ Rij − γijR/3 is the trace-free Ricci tensor
of the 3-metric γij . In the BSSN formalism, in order
to improve the numerical stability of the PDEs system,
especially in the context of problems with singularities,
one also defines the conformal connection functions Γ¯i ≡
−∂j γ¯ij , which are treated as dynamical variables obeying
to their own evolution equations,
∂tΓ¯
i = 2Γ¯ijkA¯
jk − 4
3
γ¯ij∂jK + 12A¯
ij∂jφ . (19)
The last equation of evolution is the energy-momentum
conservation equation, for the energy density,
∂tρ = Kρ . (20)
In addition, the system needs to satisfy four constraint
equations. The first one is the Hamiltonian constraint,
H = γ¯ijD¯iD¯jeφ − e
φ
8
R¯
+
e5φ
8
A¯ijA¯
ij − e
5φ
12
K2 + 2pie5φρ = 0, (21)
where D¯i denotes the covariant spatial derivative for the
3-metric γ¯ij . The three other ones are the momentum
constraints
D¯j(e
6φA¯ij)− 2
3
e6φγ¯ijD¯jK = 0 . (22)
Note that in the homogeneous case, the scale factor
of the Universe is identified to a = e2φ, and the Hub-
ble expansion rate H ≡ a˙/a = −K/3. One recov-
ers the usual Friedmann-Lemaˆıtre equations from the
Hamiltonian constraint and the evolution equations (16)
and (15), as well as the energy conservation equation
ρ˙ = −3Hρ from Eq. (20).
IV. INITIAL CONDITIONS
The initial conditions must satisfy the constraint equa-
tions (21) and (22). The second one is trivially satisfied if
the initial hypersurface is chosen such that A¯ij = 0 and if
K and γ¯ij are constant everywhere on the lattice, which
has been our simplifying assumption. In addition we set
γ¯ij = δij , so that the Hamiltonian constraint becomes
D¯iD¯ie
φ =
1
12
e5φ
(
K2 − 24piρ) . (23)
Because the initial conditions are fixed at a stage where
the Universe is close to FLRW, we simply set
K2ini = 24piρ¯ini (24)
initially, where ρ¯ini is the averaged initial density.
This simplified choice of initial conditions is identical
to the one made in [32, 33]. It is not expected to re-
produce very accurately the reality, but nevertheless is a
good approximation since it corresponds to the expecta-
tions (for this toy Universe) of a perturbed FLRW Uni-
verse, at fist order in the linear theory of cosmological
perturbations. In this way the momentum constraints
are trivially satisfied. This choice also significantly sim-
plifies the Hamiltonian constraint that can then be solved
using an iterative method for elliptic problems, in order
to determine the value of φ on the initial hypersurface,
given the initial density ρini. This approach is similar to
the one of [33] and is opposite to the one of [32] in which
5FIG. 1. Spectrum of CDM density fluctuations for the best-fit
Λ-CDM cosmology, at redshifts z = 0, 5, 10, 15, 100, 1000 (re-
spectively blue, red, green, orange, pink and brown), includ-
ing non-linear corrections from HALOFIT [52]. Vertical dotted
lines represent the corresponding value of H(z).
the density field was determined from a given pattern of
φ.
We follow the same choice than [33] for the initial den-
sity ρini, with periodic fluctuations around the homoge-
neous value ρ¯ini characterized by a series of modes,
ρ(x) = ρ¯
1 + ∑
kx,ky,kz
δ˜(k) cos[k.x + θ(k)]
 . (25)
The phases θ(k) are taken to vanish in our simulations
with a single wavelength mode along each spatial di-
rection, and are set to a random value in the others.
The mode amplitudes δ˜(k) are set to values lower than,
or eventually approaching, the limit of the non-linear
regime. The number of modes is also limited by the size
of the simulation, and was restricted to kx,y,z ≤ 2 in each
spatial direction, i.e. a total of 26 modes.
We have fixed ρ¯ini = 1 initially, which fixes the
length and time units of our simulations to ul = c ut =√
8pi/3/Hini and relates them to the initial Hubble radius
H−1ini .
In order to ease the comparison with the Λ-CDM
model, the spectrum of CDM fluctuations has been com-
puted using the CAMB code [50] at several redshifts, for the
Planck best fit values [51] of the six standard cosmolog-
ical parameters {Ωbh2,Ωch2, θ, τ, As, ns}. These spectra
are displayed on Fig. 1 as a function of physical wavenum-
bers, as well as the corresponding values of the Hubble
rate.
V. NUMERICAL IMPLEMENTATION
A. The ICARUS codes
In order to solve the initial condition problem and the
equations of evolutions in the BSSN formalism, on a real-
space uniform lattice with periodic boundaries, we have
developed and used a package called Inhomogeneous Cos-
mology And Relativistic Universe Simulations, referred
as ICARUS. More details about the ICARUS codes will be
provided soon in a dedicated paper, hereafter we present
their principal features. The package contains two codes,
developed independently (one in c and one in fortran).
The BSSN equations are solved in the synchronous gauge,
but in the future additional gauges could be included.
The use of periodic boundary conditions is well suited
for cosmological applications2, so that the lattice repre-
sents a patch of the Universe, reproduced infinitely along
the three spatial dimensions.
Regarding the initial conditions, as mentioned in the
previous section, the codes solve first the Hamiltonian
constraint Eq. (21) assuming A¯ij = 0 and γ¯ = 1 initially.
For this purpose a simple Jacobi relaxation method in
the real space has been implemented, and was found to
be more accurate than an iterative method in the Fourier
space (which works only for matter inhomogeneities ex-
pressed as a sum of wavelength modes, as in Eq. (25),
whereas a real-space method is more general).
Once the initial conditions of φ respecting the Hamil-
tonian constraint are found, the system formed by the
BSSN evolution equations is solved on the lattice (the so-
called free propagation scheme of numerical general rel-
ativity), by using a Heun’s PE(CE)3 predictor-corrector
build on the Euler’s explicit method. The hamiltonian
constraint is monitored during all the numerical inte-
gration. Spatial derivatives are computed using fourth-
order central differences schemes. The codes allow to
export any dynamical quantity at any time, for specific
locations, for one-dimensional or two-dimensional spatial
slices, or even for the full lattice. Riemannian averaging
can be performed at all time steps and for any dynami-
cal and local variable such as the scale factors a and α,
the matter density ρ, the extrinsic curvature K related
to the local expansion rate. Averaging is then used to
determine the effect of the backreactions in the FLRW
picture, through the density ρϕ,χ, the pressure pϕ,χ and
the equation of state wϕ,χ of the two morphon fields.
These quantities are computed from the evolution of 〈ρ〉
as a function of 〈α〉 using Eqs. (10) and (11), and from the
evolution of aD and its time derivatives, using Eqs. (4)
and (5).
For the present paper, we have run a series of simu-
lations for one-dimensional, two-dimensional and three-
dimensional matter inhomogeneities with lattice sizes up
2 A possible alternative would be to implement Sommerfeld-type
boundary conditions, as in Refs. [43, 45].
6FIG. 2. Initial conformal factor exp(φ) (top panel) and the
relative difference between the two ICARUS codes (middle
panel), for a two-dimensional inhomogeneity, a 20 × 20 × 3
lattice of length L = H−1ini and a density contrast δ˜(k) = 0.01
with one single mode kx,y = 2pi/L along the x and y direc-
tions. Bottom panel: Hamiltonian constraint Hrel. initially.
to 105 points along the x direction in the 1D case (note
that a minimum of 3 points are also needed along y and
z directions for the computation of numerical derivatives
with periodic boundary conditions), 10242 in the 2D case
and up to 1283 in the 3D case. Nevertheless, for improv-
ing the long-time stability of the code, it is often more
convenient to reduce the lattice size together with re-
ducing the time step down to c∆t <∼ 10−4∆x, with a
lattice physical length of the order of the initial Hubble
radius. For long runs, our codes have been parallelized
using openmp. The simulation proceeds up to the time
where the Hamiltonian constraint starts to evolve expo-
nentially, i.e. when the solution cannot be trusted any-
more.
B. Validation procedure
In order to validate our codes, we have used the fol-
lowing six-point procedure:
1. Initial conditions: code cross-check of initial φ val-
ues on the lattice between the two codes.
2. Initial conditions: monitoring of the Hamiltonian
constraint on the lattice, more precisely Hrel. de-
fined as the relative difference between geometric
and matter terms in H, see Eq. (21). Testing the
scaling of the Hamiltonian L2 norm with the dis-
cretization step.
3. Homogeneous evolution: simple homogeneous case
and validation with the analytical FLRW expecta-
tion.
4. Inhomogeneous evolution: code cross-check. Every
Nt time steps (typically Nt goes from 100 to 10
4
depending on the lattice size and time step), ex-
port and cross-check of the dynamical quantities
on some 1D or 2D lattice slices, or on the whole 3D
lattice.
5. Inhomogeneous evolution: at all time steps, moni-
toring of Hrel. at several points and on average on
the whole lattice.
6. Inhomogeneous evolution: cross-check between the
two codes of the evolution of the metric variables,
density field and Hamiltonian constraint, at sev-
eral points and after Riemannian averaging on the
whole lattice. Confronting the scaling of the Hamil-
tonian L2 norm with the discretization time step to
the order of the temporal scheme.
Because cross-checks between codes cannot fully guar-
antee the validity of the simulations, the above validation
procedure includes several checks of the Hamiltonian con-
straint, which guarantees that our solution stays close to
the one of general relativity. We also tested the scaling
of the Hamiltonian constraint with the number of lattice
points and the discretization steps, which has to respect
the order of the numerical schemes.
On Fig. 2 are shown typical initial values of φ and
Hrel. on the lattice, obtained with the two codes for a sin-
gle two-dimensional inhomogeneity with a single mode in
each direction x and y and vanishing phases. The initial
values of exp(φ) obtained with the two codes agree at the
10−6 level. The Hamiltonian constraint is satisfied at the
10−4 level when comparing geometric and matter terms
of Eq. (21), a precision that is actually even improved for
lower initial density contrasts. This degree of accuracy
can be reached typically as long as the physical size of
the lattice is initially about the Hubble radius H−1ini .
Regarding the time-evolution, the homogenous case re-
duces to the FLRW case with a very high degree of ac-
curacy (at the 10−9 level), as expected. In the inhomo-
geneous case, we have first cross-checked the evolution of
7FIG. 3. One-point evolution of dynamical variables ρ (top
panel, green), K (red), φ (blue), γ¯11 (second panel, blue),
γ¯22 (red), γ¯33 (green), A¯11 (third panel, blue), A¯22 (red),
A¯33 (green) and Γ¯1,2 (bottom panel, blue and red respec-
tively), obtained with the two ICARUS code-1 (solid) and code-
2 (dashed, superimposed), for initial conditions as in Fig. 2.
The time step is ∆t = 5× 10−5H−1i .
FIG. 4. Evolution of the Hamiltonian constraint Hrel, for
initial conditions as in Fig. 2, and time step is ∆t = 5 ×
10−5H−1i .
the relevant dynamical quantities between the two codes.
Their evolution is represented on Fig. 3. We found a very
good agreement between the two codes (at most at the
10−4 level). We considered evolutions for which Hrel re-
mains lower than the percent level. An example of time
evolution of Hrel is shown on Fig. 4.
VI. SIMULATIONS
In this section are presented the main results of our
simulations: a) for a single inhomogeneity in one dimen-
sion, b) for a single inhomogeneity in two and three di-
mensions, c) for inhomogeneities obtained from a sum of
density modes with random phases, in three dimensions.
A. One-dimensional inhomogeneity
The simplest considered case (beyond homogeneous
simulations) is a single mode inhomogeneity, arbitrarily
chosen to be along the x direction. This case allows to
understand more easily the evolution of the dynamical
quantities ρ,K, φ, γ¯ii and A¯ii (the off-diagonal compo-
nents being vanishing, at the level of the numerical noise)
and to identify which terms are at play in the evolution
equations and in inducing the backreactions.
Fig. 5 illustrates this evolution for a typical example
with δ˜(kx = 2pi/L) = 0.03 initially. As expected, the
inhomogeneity grows in time and becomes mildly non-
linear at the end of the simulation. One reaches a den-
sity contrast up to δρ/〈ρ〉 ' 0.4 at the center of the
over-dense region and down to δρ/〈ρ〉 ' −0.3 within
the under-density. The over-dense regions thus becomes
more quickly non-linear than the under-dense ones, as ex-
pected in structure formation. Starting from a constant
value, the extrinsic curvature |K| hugs progressively a
shape opposite to the density profile, indicating that the
8FIG. 5. One-dimensional lattice slice showing the time evolution (from blue to red when time increases) of the dynamical
variables ρ (top left), K (top center), φ (top right), γ¯ii (middle panels) and A¯ii (bottom panels) for an initial one-dimensional
inhomogeneity (single mode) with δ(k) = 0.03 (solid lines), a two-dimensional inhomogeneity with δ(k) = 0.015 (dotted lines),
and a three-dimensional one with δ(k) = 0.01 (dashed lines), and L = 1/Hini.
under-dense region experiences a higher expansion rate,
and inversely. This observation is confirmed in the pro-
file of the conformal factor φ indicating that under-dense
regions expand more than over-dense ones. The shape
of γ¯ii indicates that within the under-dense region, the
lattice cells squeeze progressively in the y and z direc-
tions orthogonal to the inhomogeneity and extend in the
x direction, in such a way that their volume scales like
∝ exp(6φ) (let remind that the determinant of γ¯ij is one
by definition). The opposite situation is observed in the
over-dense region. Such a shrinking is induced by nega-
tive (positive) values of A¯11 combined with positive (neg-
ative) values of A¯22 and A¯33 within the under-density
(over-density). Finally one can note that at the end of
the simulation, the Aii develop some local features that
are numerical artifacts, a sign that our results cannot
be trusted anymore beyond this point. This approxima-
tively corresponds to the time beyond which the Hamil-
tonian constraint is no longer satisfied.
In addition to spatial profiles, we have computed and
plotted on Fig. 6 the evolution of the backreactions, seen
in the FLRW picture as the the energy densities and
equations of state of the two morphons, ρχ,ϕ and wχ,ϕ.
The contribution from ρχ is first negative and exponen-
tially decays with the scale factor 〈α〉, until it becomes
positive at 〈α〉 ∼ 10 and finally reaches a constant value
that depends on how strong is the inhomogeneity ini-
tially. At that time, wχ goes from positive to negative
values and then slowly increases to reach wχ ≈ −1 at
late times. The morphon χ therefore acts as a tiny cos-
mological constant (ρχ ∼ 10−5ρini for an initial density
contrast δ ∼ 10−2). Its contribution to the total den-
sity grows with time. At the end of the simulation, one
reaches 〈α〉 ≈ 20 and ρχ ∼ 0.1〈ρ〉, not enough to reach
the matter-morphon equality but enough to have a non-
negligible impact on the apparent background expansion.
In order to interpret such a backreaction as Dark En-
ergy, one would have to extrapolate ρχ to later times.
One would get ΩΛ ' 0.7 for initial conditions fixed at a
redshift z ∼ 60, for density contrasts δ ∼ 10−2.
The other morphon first acts like a negative energy
density that becomes then positive with ρϕ ∼ 10−6ρini
and slowly decays with an equation of state close to
wϕ ≈ −1/3, i.e. it acts as a curvature-like fluid and de-
creases like ρϕ ∝ 〈α〉−2. This behavior can be explained
if the backreaction term 〈3R〉D dominates over QD at
late time in Eq. (2), which can effectively be interpreted
as a curvature-like fluid.
9It is worth noticing that the purely relativistic terms
involving non-vanishing A¯ii in the BSSN equations can-
not be neglected, but are not the only driver of the back-
reactions. A similar level of backreactions is actually
obtained if one neglects these terms, which also implies
that one can identify the scale factors 〈α〉 and 〈a〉 (but
not aD). Within this approximation, each lattice cell
behaves like a mini-FLRW Universe. The backreaction
effect is therefore somehow already captured by looking
at the different expansion rates induced by the matter
inhomogeneities. Under this assumption it is also much
easier to solve the BSSN equations that are not PDE’s
anymore but a system of coupled ODE’s, to be solved at
each lattice point. But the approximation is not accu-
rate and one should remind that it is is no longer valid
when quantifying with some accuracy the level and the
evolution of the backreactions.
B. Two and three-dimensional inhomogeneity
The cases of a single two and three-dimensional in-
homogeneity are rather similar to the one-dimensional
case, as illustrated on Figs. 5 and 6, for density modes
δ˜(kx,y = 2pi/L) = 0.015 (2-dim) and δ˜(kx,y,z = 2pi/L) =
0.01 (3-dim). These values were chosen to keep constant
the density contrast at the center of the inhomogeneity.
The displayed profiles are for positions y = z = L/2 on
the lattice, and so they probe the evolution around the
most under-dense region but not around the most over-
dense one, which explains the differences observed in the
γ¯ii and A¯ii profiles. The evolution of the backreactions
are also very similar to the one-dimensional case and the
same conclusions apply. The χ field acts at late times as
a tiny cosmological constant in the FLRW picture, whose
value depends on how strong is the initial inhomogeneity,
whereas ϕ acts as a curvature-like fluid. The χ field also
exhibits a phantom-like equation of state wχ < −1 be-
fore tending slowly wχ ≈ −1. Again, the A¯ij driving the
evolution of γ¯ij were found to not be the only driver of
the backreactions, which already occur when their effect
is neglected.
C. Multi-mode three-dimensional inhomogeneities
In the real Universe, initial density fluctuations can be
seen as a random superposition of gaussian fluctuations
of different sizes and amplitudes, but exhibiting a nearly
scale invariant power spectrum. In order to approach
this situation with our toy model, we have run simula-
tions with initial density exhibiting multiple wavelength
modes. More precisely, we considered two modes along
each spatial directions, kx,y,z = n × 2pi/L with n ≤ 2,
i.e. 26 modes in total (not counting the homogeneous
case kx,y,z = 0), with random phases. Including higher
modes is in principle possible but this would require to
run larger simulations.
FIG. 6. Evolution, as a function of the averaged scale factor
〈α〉, of the energy (top and third panel) and equation of state
(second and fourth panels) associated to the two morphons
χ and ϕ, for a 1D (brown), 2D (blue) and 3D inhomogeneity
(dark green) with respectively δ(kx) = 0.03, δ(kx,y = 0.015
and δ(kx, ky, kz) = 0.01. The expected densities for a cos-
mological constant and the equation of states w = −1 and
w = −1/3 are also displayed.
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FIG. 7. Lattice slice showing the evolution (from left to right) of the dynamical variables ρ, K, φ, γ¯ii and A¯ii (from top to
bottom) for multi-mode 3D inhomogeneities with δ˜(k) = 0.01 and L = 1/Hini.
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Typical two-dimensional lattice profiles showing the
evolution of the contrasts of ρ, K and a as well as the
dynamical metric variables γ¯ii and A¯ii are displayed on
Fig. 7, for δ˜(k) = 0.01. Our simulations can proceed
up to the time when the density contrast becomes non-
linear, with maximal δρ/〈ρ〉 ' 1.2 (−0.4 within the deep-
est under-density). As it was observed for a single inho-
mogeneity, under-dense regions expand more than over-
dense ones, as one can see on the K contrast profiles. Ac-
tually, at the end of the simulation, one can deduce from
the δa/〈a〉 profiles that the volume of the most under-
dense lattice cells is about five times superior than for
the most over-dense ones. Driven by A¯ij , the γ¯ij evolve
such that the lattice cells shrink more in the direction of
the lowest density gradients, as it was observed for a sin-
gle inhomogeneity. At the end of the simulation, similar
numerical artifacts to the ones observed in the 1D case
appear on the A¯ii, that we attribute to the numerical
instability taking place when the Hamiltonian constraint
is no longer satisfied. Beyond that time, the simulation
thus cannot be trusted anymore. Similar behaviors have
been obtained when lowering the initial mode amplitude,
down to δ˜(k) = 10−4, the only noticeable differences be-
ing that it takes obviously more time for the density con-
trasts to deepen and become non-lienar, and so for the
inhomogeneities to induce a significant backreaction.
In the FLRW picture, we observe a similar behavior
in the evolution of the two morphons, represented on
Fig. 8. On one side, ρχ is first negative but at some
point it becomes positive and its equation of state ex-
hibits an asymptote. Then ρχ increases slowly toward a
constant value that can be interpreted as a tiny cosmo-
logical constant since its equation of state tends towards
wχ ≈ −1. On the other side, ϕ behaves at late time as a
curvature-like fluid with an equation of sate tending to-
wards wϕ ≈ −1/3. This behavior is observed whatever is
the initial amplitude of the inhomogeneities, within the
range 10−4 <∼ δ˜(k) <∼ 10−2. For even lower values, one
can observe that the evolution of wχ becomes strongly
contaminated by the numerical noise, and therefore it
is impossible to conclude on the level and evolution of
the backreactions. Nevertheless the general tendency is
a similar behavior for the χ field, but with a ρχ so tiny
that one would have to extrapolate our results between
redshifts z ∼ 300 and today, as well as to assume that
wχ ≈ −1 all during that period, in order to interpret this
effect as Dark Energy, which is hazardous. On the other
hand, wφ is found to take very large values, far from
−1/3. We therefore conclude that improvements of the
codes combined with larger simulations will be required
in order to probe this potentially interesting regime. But
our analysis does not rule out the possibility that impor-
tant backreactions take place today, induced by ∼ 10−5
density perturbations, as expected in the standard cos-
mological scenario.
Finally, one should comment on the importance of the
purely relativistic effects from A¯ij terms sourcing the
conformally rescaled metric γ¯ij as well as the extrinsic
curvatureK. When the A¯ij are artificially set to zero, the
qualitative evolution of the backreactions is still present,
and especially the late-time CC-like behavior of χ. Nev-
ertheless, as shown on Fig. 8, not including this effect
implies that the transition towards a negative wχ occurs
at later time, and that ρχ is about one order of magnitude
lower than in the fully relativistic case.
VII. BACKREACTIONS
MIMICKING DARK ENERGY
The principal result of the simulations described in the
previous section is that the morphon field χ can mimic a
Dark Energy component, for initial density fluctuations
within the range 10−4 <∼ δ˜(k) <∼ 10−2 and of the size
of the Hubble radius. Even if the simulations are not
stable enough to reach the matter-morphon equality, we
have shown that the density associated to χ tends to
a constant value, with an equation of state tending to
wχ ≈ −1. It accounts for a non-negligible part (up to
about 10%) of the total density at the end of the sim-
ulations, enough to have already an important impact
on the expansion. When this behavior is extrapolated
at later times, it is expected to become dominant, and
we have inferred the initial redshift of the simulations so
that the backreactions would lead to Dark Energy with
ΩDE = 0.7 today. We found initial redshifts zini ≈ 60 for
δ(k) ≈ 10−2, going up to zini ≈ 1000 for δ(k) ≈ 10−4.
For lower inhomogeneities, the backreactions are contam-
inated by numerical noise and thus our results are incon-
clusive even if one still observes the tendency to reach a
CC-like regime for χ.
The validity of the extrapolation is not entirely guar-
anteed, but it is supported by the fact that in absence
of the purely relativistic effects induced by Aij in the
evolution equations, ρχ is found to stay constant with
wχ ≈ −1 over the required period of time. The observed
freeze-out of Aij , induced by the decay of K and R
TF
ij in
Eq. (18), also supports the hypothesis that χ continues
to act as a CC as long as no singularity is developed,
which in the Universe is prevented by the virialization of
structures.
Interestingly, in a scenario with δ ∼ 10−2 initially, we
predict a phantom-like equation of state wχ <∼ −1 at
redshifts z >∼ 5 (z >∼ 3 for a single inhomogeneity) . A
prediction that could eventually be tested by future 21cm
intensity mapping experiments like the Square Kilome-
tre Array, or even by future LSS surveys like Euclid.
The recent analysis of [53] claiming that combined CMB
and LSS data slightly prefer a super-negative equation
of state w <∼ −1 at redshifts z >∼ 3, could be a hint in
favor of such a scenario. Finally, one should comment on
the curvature-like effect of the second morphon ϕ. The
observations do not prevent such a backreaction that ac-
tually would still be subdominant today and would stay
within the present bounds on ΩK .
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FIG. 8. Evolution of the energy (top and third panel) and
equation of state (second and fourth panels) associated to the
two morphons χ and ϕ, for multi-mode 3D inhomogeneities
with initial amplitude in the range 10−2 ≤ δ˜(k) ≤ 10−5. The
dashed green curves correspond to the case A¯ij = 0, i.e. no
other local general relativistic effect than lattice cell expansion
as mini-FLRW universes.
VIII. CONCLUSION AND DISCUSSION
The backreactions induced by cosmic inhomogeneities
on the global expansion dynamics have been evaluated for
a toy model Universe filled entirely with a pressure-less
matter fluid assimilated to the Dark Matter, and initial
density contrasts in the range 10−4 − 10−2 on scales ini-
tially crossing the Hubble radius. For this purpose, we
have developed and used two numerical relativity codes
based on the 3+1 BSSN formalism, gathered in the Inho-
mogeneous Cosmology and Relativistic Universe Simula-
tions (ICARUS) package. Given some initial density distri-
bution, the codes first solve the Hamiltonian constraint
on a uniform real-space lattice with periodic boundary
conditions, then evolve in time the BSSN equations and
finally proceed to the Riemannian averaging of the rele-
vant quantities.
The main objective of this paper was to identify the
required properties for the initial inhomogeneities to in-
duce an important backreaction on the expansion when
the observations are interpreted in the FLRW picture.
Besides the characterization of the backreactions, a sec-
ond objective was to determine whether such a backreac-
tion could eventually mimic a Dark Energy component,
for this particular toy mode.
Backreactions of two origins have been distinguished
and interpreted as the effect of two morphon scalar
fields. Backreactions of two kinds have been distin-
guished: i) the ones affecting the Friedmann-Lemaˆıtre
equations given the averaged density, ii) the ones mod-
ifying the time evolution of the averaged energy den-
sity itself. The latter effect was overlooked in previous
works and actually plays a crucial role. Characterizing
the backreactions also needs to distinguish between three
non-equivalent definitions of the scale factor in an inho-
mogeneous Universe: i) aD that rescales the total domain
volume like a3D, ii) 〈a〉 that is the averaged (in a Rieman-
nian way) of the local scale factor (i.e. the factor scaling
the volume of individual lattice cells in the simulations),
iii) 〈α〉 that is the average of the local factor rescaling
the proper lengths of individual cells in a given direc-
tion. The latter is the one used for redshift and distance
measurements, i.e. the one inferred by observations.
Whereas the backreactions of the first kind simply be-
have like a curvature fluid that is damped with the ex-
pansion and falls below the current observational limits
on ΩK , the ones of the second kind act in the FLRW
picture as a scalar field with an equation of state tending
to w ≈ −1, after a regime where w < −1, which does not
imply any theoretical issue since the underlying theory
is General Relativity only. Therefore this morphon acts
as a tiny cosmological constant, that could eventually
mimic Dark Energy and the cosmic acceleration of the
expansion. Our simulations can probe the evolution of
inhomogeneities up to the time when the backreactions
contribute to about ΩDE ' 0.1. When this behavior is ex-
trapolated until today, one can find the redshift and scale
of the initial density fluctuations leading to ΩDE ' 0.7
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today. For instance, inhomogeneities with a density con-
trast of ∼ 10−2 should enter inside the Hubble radius
at z ∼ 45 and would correspond to gigaparsec fluctu-
ations today, with a transition from a phantom-like to
a cosmological constant-like equation of state occurring
at redshifts z ∼ 4 − 7, depending on the initial den-
sity pattern. Testing the validity of this extrapolation
will require larger simulations combined with further im-
provements of the code stability, over a longer period of
time. Nevertheless we gave some qualitative arguments
supporting its validity, e.g. the fact that the simulations
reach a regime where the global backreaction and the
general relativistic effects, except the expansion of local
regions behaving like mini-FLRW universes, are frozen.
A super-negative equation of state for Dark Energy at
high redshifts is a general prediction of the proposed sce-
nario, which will be tested by future 21cm and LSS exper-
iments. Recent works based on CMB and LSS data actu-
ally already slightly favored this case against a cosmolog-
ical constant [53]. It is also possible that such a scenario
with large scale inhomogeneities would relieve the tension
observed in H0 measurements, in a similar way than the
one proposed e.g. in [54]. The model presented in this
paper is however still at the level of a toy model: it does
not include baryons and radiation, virialization of struc-
tures, and implements simple inhomogeneity patterns on
a restricted range of scales. Such matter fluctuations on
comoving scales k ∼ 10−4 Mpc−1 are probably in some
tension with CMB anisotropies measured by Planck [55].
A more precise investigation would be needed to study
the viability of the scenario. One can notice that larger
scales, k <∼ 10−4 Mpc−1, are very poorly constrained
with CMB observations, which potentially leaves some
range for our model to be viable. Also, our analysis does
not exclude the possibility of backreactions arising from
10−5 fluctuations crossing the Hubble radius close to the
matter-radiation equality.
The observations of troubling structures on gigaparsec
scales, such as the cold spot and some super-voids [56, 57]
invoking density contrasts that are in strong tension with
the statistical expectations of the standard cosmological
model, but similar to the ones obtained in our simula-
tions, could be a hint in favor of such a scenario.
Mimicking Dark Energy with the backreactions from
matter inhomogeneities induced by some power spectrum
enhancement on the largest cosmological scales is a new
mechanism that could send the fine-tuning and coinci-
dence issues of Dark Energy back to the origin of the en-
hancement in the primordial power spectrum. This kind
of behavior could be produced in some inflation mod-
els (see e.g. [58] for an example in the context of hybrid
inflation).
On the point of view of code development, several per-
spectives are envisaged, such as including the implemen-
tation of other gauge choices that could allow to run sim-
ulations deeper in the non-linear regime or to include sev-
eral fluids. More performant integration schemes (e.g. a
predictor corrector build on a rk4 method, symplectic
integrator) and new methods for solving the problem of
initial conditions could be also implemented. A version
of the code dedicated to scalar field cosmology is under
development and could be used for various problems such
as the inhomogeneous initial conditions of inflation, the
tachyonic preheating, or the dynamics of quintessence
field fluctuations. Refining the description and the evo-
lution of backreactions would also require to include sev-
eral effects: a more precise implementation of the ini-
tial density fluctuations, in term of the primordial power
spectrum, the effect of light propagation through the in-
homogeneous Universe and the signatures of the specific
local inhomogeneous environment of the observer.
Our work therefore contributes to pave to road of
large cosmological simulations in numerical relativity,
that would allow to study and reveal all the general rel-
ativistic effects on the cosmological dynamics, including
the level of backreactions and their potentially observable
signatures.
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